As a consequence of Wilson's theorem, the factorial p−1 2 ! mod p provides a square root of (−1) (p+1)/2 . The main goal of the paper is to derive an alternative expression for these square roots that avoids the factorial computation. Further, several questions concerning the infinite sequences, formed with these square roots modulo primes p congruent to 1 or congruent to 3 modulo 4, are considered and heuristics for some explanations are proposed.
Introduction
Wilson's identity holds only for prime numbers, and may be written, [1, 10] }. If p = 3 mod 4, it is trivial to observe that Q p (X) has roots ±1 modulo p. If p = 1 mod 4, the quadratic polynomial Q p (X) has roots ±α modulo p, where α may be chosen to be positive in S p , and can be easily computed from the representation p = x 2 + y [11, 13, 15] . It is thus worthwhile to consider and study two separate sequences W 1 and W 3 , for primes congruent 1 or 3 modulo 4, respectively. [6, 7, 14, 16] . This connection may be useful to tackle questions b) and c), for which only some heuristics are formulated. To these aims, the paper is organized as follows. Section 2 collects definitions and ancillary results concerning sums of Legendre symbols. Sections 3 and 4 are devoted to the sequences W 1 and W 3 , respectively, and alternative expressions for
! mod p are derived. Section 5 collects numerical observations concerning the combinatorial behavior of the sequences W 1 and W 3 , and reports the conclusions.
Preliminaries and Legendre symbol sums
A partition of S p into three disjoint subsets is defined as follows
For a fixed prime p, consider the following summations concerning Legendre symbols
This set of equations defines a linear transformation of a (p − 1)-dimensional vector of Legendre symbols into a (p − 1)-dimensional vector of rational num-
The transformation is invertible because the square matrix K = (k n ), k = 1, . . . , p − 1 and n = 0, . . . , p − 2, is a Vandermonde matrix with distinct entries in the second row. The factor in front of the summations is chosen to make g 1 exactly equal to the class number of the imaginary quadratic field Q( √ −p) when p = 3 mod 4, in view of Dirichlet's formula [4, 3] h(
Lemma 1. Every entry in vector
, is an integer, further g 0 = 0, and the numerator of g p−1
Proof. The value g 0 = 0 is trivially true because the number of quadratic residues is equal to the number of quadratic non-residues in S p . To prove the other properties, consider the sums , and S p−1
, and multiply S j by a p , with a being a primitive element
Performing the change of index ak = μp + h in the summation, and taking modulo p, we have
The conclusion S j = 0 mod p follows, because
, we have
Lemma 2. The entries in
) are connected by the following recurrence
In particular,
and
where ω(p) is an integer for every p > 5 that can be directly evaluated from the summation.
Proof. Multiplying both sides of (1) by −1 p , and using properties of Legendre symbols, we have
where p − k has been substituted for k in the last summation. Now, expanding the binomial (p − k) n , exchanging the summations, and using the definition of g j we obtain
Finally, moving the term corresponding to j = n in the summation to the left side, we get the asserted recurrence. If p = 1 mod 4, the initial entries in vector g are g 0 = 0, g 1 = 0 obtained by specializing (3), and g 2 , which should be evaluated by its definition; obviously g 2 = Proof. The proposition is equivalent to saying that g 2 = 0 mod 4. Then, considering g 2 modulo 4, and noting that k 2 taken modulo 4 is zero when k is even, and is 1 when k is odd, we have
−j p = 0, because the sum is over a full set of residues; the additional term for j = 0 is zero and does not alter the sum. In conclusion, g 2 = 0 mod 4 since t = 0 implies T = S = 0.
It should be interesting to find arithmetical or algebraic significances for g 2 for primes congruent 1 modulo 4, as is the case of g 1 for primes congruent 3 modulo 4.
Case p = 1 mod 4
Since a prime p = 1 mod 4 can be uniquely represented as the sum of two squares p = x 2 + y 2 , with both x and y being positive integers of different parities, then x will be taken odd, and y even.
Proposition 2. In the representation of a prime as the sum of two squares, the odd component x is a quadratic residue modulo p.
Proof. The property of x is a consequence of the following chain of equalities, where the first equality is due to the quadratic reciprocity law, and the remaining equalities are evident
It is remarked that x and y can be computed in polynomial complexity by counting the number of points on the elliptic curves Y 2 = X 3 − X and Y 2 = X 3 − bX, with b being a quadratic non-residue modulo p, [13] . For the numerical computations, b is not actually necessary, because y may be easily computed as p − x 2 . To establish the quadratic character of the even component y, some further results are required. = n QN . The equality n Q = n QN is a consequence of the equation
, which holds by definition.
In proving the following theorems we apply a trick that can be traced back to Gauss in one of his proofs of the quadratic reciprocity law. 
Multiplying these two equations, member by member, we have A 2 B 2 (−1)
Further, let b be a quadratic non-residue, then we have Proof. If p = 5 mod 8, then B is the product of an odd number of quadratic non-residues, which implies that B p = −1. It follows that |B| = α mod p with y being a quadratic non-residue, consequently A = ±1 mod p. If p = 1 mod 8, then B is the product of an even number of quadratic nonresidues, so that the product in pairs is either 1 or −1; consequently, B = ±1 mod p, then necessarily |A| = α mod p with y being a quadratic residue. Note that, in this case, A is the product of an even number of quadratic residues, including 1, which stands alone, thus the product A cannot be ±1 modulo p.
The quadratic character of y, obtained in Proposition 3, is explicitly expressed as a corollary.
Corollary 1. In the representation of a prime as the sum of two squares, the even component y is a quadratic residue if and only if
is even, that is
We conclude this section with a second characterization of the sequence W 1 .
Theorem 2. The sequence
andū is the absolute value of the inverse of u modulo p, thus it is an element of S + p .
Proof. The factorial, except for a reordering of the factors, can be written as
where the
products (x i x i+1 ) are +1 or −1 modulo p. Let n + and n − denote the number of +1s and −1s in the sequence, then by definition n
, and clearly we have w 1 (p) = (−1) n − .
To compute n − we consider the sum t o = 
u=1ū 2 = 0 mod p, because the sums of squares are equal, since they are computed on the same set S + p , and their value is
p, which is 0 modulo p. Then, in the sum
u=1 (uū) mod p, every product (uū) mod p, which is either 1 or −1, appears twice as many times as in the product (4), and the summation value is 2(n + − n − ) modulo p. Since the sum is considered modulo p, if t o is even, it is the true value of 2(n + − n − ) because the absolute value of this number is less than p−1 2
. Conversely, if t o is odd, this means that 2(n + − n − ) was negative, then p must be subtracted in order to have an even number in the right interval, that is, we have just defined s o . In conclusion, solving the system of equations n
and 2(n
This concludes the proof.
It would be desirable to have a fast way of computing s o , or better, to have some closed-form expression for it in terms of p.
Case p = 3 mod 4
The class number h( √ −p) of the imaginary quadratic field K = Q( √ −p) is odd Therefore, the value of n QN , which will be useful in the next theorem, is immediately obtained
Theorem 3.
For every prime p > 3 and congruent 3 modulo 4, we have
The case p = 3 is not included in (5), and we have w 3 (3) = 1.
Proof. The case p = 3 is trivial. Assume p > 3, since we know that 
Heuristics and Conclusions
Sequences defined over the ordered set of primes, by means of the factorials ( p−1 2 [16] as is commonly believed, the sequence W 3 contains infinite 1s and −1s. The assumption that N(m) > 0, at least for every odd m, is supported by Table 1 , taken from Watkins' paper [16] ; the same table also supports the guess that the density of 1s is equal to the density of −1s.
For the sequence W 1 , an equally elegant connection with some arithmetical function (of some algebraic number field) has not been found, and it remains to ascertain whether the sum
u=1 (u +ū) 2 mod p has some intuitive arithmetical significance.
